A ratio does not give the actual quantities.
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AIM. PREPARE. ACHIEVE

What we need from Topic 59

Problems on ages give the ratio, sum, difference or average of ages at one or wore time
points and ask for an age or a number of years. They rest on one fact: every person grows
older by the same number of years, so the difference between two ages never changes,
while the ratio of two unequal ages does.

| Adding the same number changes the ratio.

If two ages are in the ratio a : b, they are

ak and bk for some positive number k.

When the two terms are unequal, adding the same

non-zero number to both changes the ratio:

-

-

Person A

B

Person B

Age = ok

(i)

o \

~

Ongmal ratio

The ratio of their ages is a : b, which means
the ages are ak and bk for some positive number k.

New ratio

2 : 3 is not equal to 3 : 4. This is why the ratio
of two ages clnanges with time.

II E.IIDI]I

|

Add 1 to each

term l

3:4 Eii IIEI

The difference between two ages never changes.

If two people are ak and bk years old, the difference between their ages is

| bk - ak| =

is still Ib alk

Same number of years

added to both ages

|b - alk. After t years, both are t years older, so the difference

-
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Person A
[ Age = ak ]

L+n

[Age=ak+n]

~

J

.

Person B

[ Age=bk |

L+n

[Age =bk+n]

-
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AIM. PREPARE. ACHIEVE

The basic facts

]III IAS WITH DR RAVI

Fix the reference point The difference of two ages  The ratio of two unequal
Fix “now” as the reference HEVET changes. ages changes.
point. “n years ago” means Anu is 12 and her father is 40 now.  Father to Anu: 8 years ago
present age = n; “n years hence”  The difference is 28. In 8 years 32:4=8:1;now40:12=10:3;
means present age + n. they will be 20 and 48; the in 8 years 48 : 20 = 12 : 5.
Do this for every person. difference is still 28. The ratio of the elder’s age to
Her father was 28 when Anu the younger’s keeps falling
was born: at the birth of the towards 1 (8, then 3.33...,
m younger person, the elder’s age then 2.4), but it never
equals the difference. reaches 1.
-n +n
Anu Father bt Ly i o s
: Y 7 8 years ago Now 8 years hence
40-12 = 28 32:4  40:12 4320

" The table of ages, differences, sums and ratios

Time point Elder Younger Difference Sum Ratio

8 years ago 32 4 28 36 &:1

Now 40 12 28 52 10 : 3

8 years hence 48 20 28 68 1295
A sum grows by n for each person. A birthday example Ages are usually whole years.

Ages in these problems usually
come out in whole years:
re-check any fractional answer;
a negative age always shows

a slip.

In n years the sum of two ages grows
by 2n, and the total age of a group of
p persons grows by p x n. The average
age of a group whose members do not
change grows by n.

Same group:

+ n years Summary of key ideas
Two people: Group of p persons: for every @ Fix “now” as the reference
s [ creases ' total 'ncreases point. “l'l ears a 0” means
umb;}n 2n. by I pxn. member present agye - n; 9'ﬂ years hence”

. _ nbleans p;esant age + n.
. ' - " o this for every person.
° O | [ p members J @ The difference of two ages
T i T 2 never changes.
52 +2n 52+2n | T +pxn T+pxn © The ratio of two unequal ages
S—¥ | ~—F changes. g
© A sum grows by n for each person.
@ Ages in these problems usually
come out in whole years:

re-check any fractional answer;
a negative age always shows a slip.

Average age:

The average age of a group whose members do not
change grows by n.
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The ratio-parts method

General method

Write the present ages as ak and bk. After n years they are (ak + n) and (bk + n);
n years ago they were (ak - n) and (bk - n). Set the new pair equal to the given
ratio ¢ : d, cross-multiply and solve for k. This is a linear equation in one unknown.

R years ago Present ages After n years

AgGS were Ages now are AgCS will be

(ak - n) and (bk - n). AL dSbl (ak + n) and (bk +n).
Example.

The present ages of P and Q are in the ratio 7: 5.

After 8 years the ratio will be 9 : 7.

Ages now: 7k and 5k.

Then (7Tk+8) : (5k+8)=9:7, so 7(7Tk+8) =9(5k +8),
that is, 49k + 56 = 45k + 72, so 4k = 16 and k = 4.

P is 28 and Q is 20.

Check: after 8 years, 36:28 =9:7.

A bar model using ratio parts Total age Key

P now ;
EAnnnnonOnENERAEFETT
Gron 4] 4]4 44 20 years 4 gedng

P afte The two yellow
8;ear; ER RN 4 | 4 | 36 gears 4 cells sho-.g the
Q aft added 8 years
Sjm‘j,‘; 414144444 28 years (n=8).

Equation steps (as in the example)
f(7k+8):(5k+8) Ly 7(7k + 8) 49k + 56 4k = 16 " Pis 28

- E - —+ . -> Q is 20.
L | Bl L el
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The difference-of-ages method

The difference of the ages is the same at both time points, so it can be measured

in parts. If the two ratios have the same difference of parts, one part means the Earlier Later
same number of years in both, and the change in one person’s parts is the number || t“_'“’ P time
of years that passed. i€— Same —pi

" difference of ages

; — _ %
Same difference. |
In 2.3, 7:5 and 9:7 both have a difference of 2 parts. P goes from 7 parts to 9 parts,

| that is, 2 parts = 8 years, so 1 part =4 years. P=7x4 =28 and Q =5 x4 = 20. |

| At the earlier time (ratio 7:5) At the later time (ratio 9:7) |

N [
Person | Earlier age | Later age | Added years — 2 Partsq \ Person | Earlier age | Later age | Added years :
Pl 28 | % W - EAERE 3
/
Q 20 28 8 1port=4 17 Q 20 28 8
Ratios 7:5 > 9: 7, di#ﬂfﬁﬂc& 2 PﬁrtS P Increases bg 2 Parts (‘F‘I’OM T to q)’
| at both times; 2 parts = 8 years. so 2 parts = 8 years and 1 part = 4 years. |
3 - = b
| Different differences: make them equal first. |
The present ages of R and S are in the ratio 3: 2, and 8 years ago they were in the ratio 7:4.
The differences of parts are 1 and 3. Multiply 3: 2 by 3 to get 9: 6 (difference 3). Now R goes
from 7 parts (8 years ago) to 9 parts (now): 2 parts = 8 years, so 1 part = 4 years.
R=9x4=36and S=6x4=24. Check: 8 years ago 28:16 = 7: 4. |
' Present ratio 3:2 Equivalent present ratio 9: 6 This &t o
Multiply 3 : 2 nialb il
! b 3 gt ‘]6 : qu.lIVﬁeﬂ ratio |
31l y.© 08 9:6 with the same
(difference 1) (diiference 5), (difference 3) ages, not a
——— change in ages.
Same ages, different choice of ratio units.

| 8 years ago (ratio 7:4) Now (ratio 9 : 6)

| [ Person Age Ratio | '__8_ = Person Age Ratio

| | + Hears

R 28 7 | to each R 36 9
S 16 4 e —— S 24 6
R=9xd=db Part differences: 3 at both time points;
| § = fxd =4 2 parts = 8 years; 1 part = 4 years. |
|. Check: 8 years ago 28 : 16 = 7 : 4. J
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AIM. PREPARE. ACHIEVE

The sum-of-ages and difference-of-ages data

Sum given.

If the ratio is a: b and the sum at the same
time point is S, then k = S+ (a + b).

If the sum is given at another time point,

first move it to the time of the ratio
(2n for two persons).

Example:

The ages of two sisters are in the ratio 4 : 3 now,
and 7 years hence the sum of their ages will be 63.
The present sum is 63 — 2 x 7 = 49,

Then 7 parts = 49, so k = 7:
the ages are 28 and 21.
Check: 35 + 28 = 63.

Difference given.

If the ratio is a: b and the elder is
D years older, then (a - b) parts = D years.

1 -3 =4 parts
4 parts = 20 years
1 part = 5 years

4 parts = 20 years

- ot
< >
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2x7

Future sum = 63 Present sum = 49

7 parts = 49

L
f

7
-

L T TR N T,

SN /

Y Y
4 parts = 28 3 parts = 21

Ages are 28 and 21.

Exam_ple:

Ratio 7:3 and a difference
of 20 years.

4 parts = 20, so k=5:

the ages are 35 and 15.

Elder:
7 parts

Younger:
3 par’ts

4 parts = 20 years
h >

5 54 Sg5E.5 541 5 35

541 55 15
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The average-of-ages method

Total age = average x number of members.  After n years, add (number of members xn)
[' = = ————  to the old total.

Total age = average X number of members. |

o L — L After n years, add (nu;b; of members x n)J

to the old total.

Average age = 17
Number of members =5

AN

| Totol age = 17 x5 = ssj New totol = old total + (ber of wenbers xn).

A member joins.

Three years ago: Today:

Three Years ago the average age of a Fanulg of 5 was 17 5an5 5 mmbers average age = 17 6 members, avernge age = 17
A baby has been born since then, and todag the average age

of the, 6 members is 17 years. IE 33“5 '." ﬁ
Total 3 years ago = 5 x 17 = 85. : :

Thesame5per50ns’codag=85+5><3=100. _To’mf=5x17=85 _Total=6x17=102
Total of the 6 today = 6 x 17 = 102.

The same 5 persons today:

The baby is 102 - 100 = 2 years old. S B 2 o > Baby:
ﬁ J 102-100= 2
The average is the same as before, yet the baby is not 17: L Years old.
the old members have grown older. :’ Totals:85 4+ Ty 3in 10;
A member leaves. TRAGE S AT
The average age of 7 members of a group is 26 years. average age = 26 average aﬂe = 24

One member leaves today, and the average of the = . mfrber -
other 6 is 24 years. E l' 'l leaves

The member who left is

Tx26-6x24=182-144 Tm‘ 3 7@ Total = 6 x 24 = 144J

= 38 years old. [

The member who left is 7x 26 - 6 x 24 = 182 - 144 = 38 Years old

Day 62 (Topic 618) takes up averages and sums of ages in more detail.
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AIM. PREPARE. ACHIEVE

I

The "n years ago, m years hence' method

When one ratio is given for n years ago and ancther for m years hence, the two
time points are n+m years apart. Write the ages n years ago as ak and bk,
add n+m to both, and solve. Then add n to get the present ages.

Worked exampl_e

Five years hence, Jacob's age will be three times his son's age; five years ago,

it was seven times his son's age. So 5 years ago the ratio was 7: 1, and 5 years
hence it will be 3 : 1; the gap is 10 years. Differences of parts: 6 and 2. Multiply
3:1 by 3 to get 9: 3 (difference 6). The son goes from 1 part to 3 parts: 2 parts = 10 years,
so 1 part = 5 years. Five years ago the son was 5 and Jacob 35; now they are 10 and 40.
Check: 5 years hence, 45 = 3 x 15. This can also be solved as a pair of linear equations
in two unknowns; that method comes in Topic 388 (Day 39).

A clear timeline and ages G
— 5 years NOW + 5 years
< ° ® o >
il
b years 5 years
) o )
Son’s age 5 10 15 |
Jacob's age 35 40 45 |
| — .|
Ra’clos at the two time pom’cs | From ratio 3:1% 9:3
5 years ago: 5 years hence: Multlplg 3:1by3 toget 9: 3 (difference 6).
ratio 7 : 1 ratio 3:1 9:3
| Jucrh: RGN | Jocsk o [ - x3 Juot: ETETEIRION
| Son: i Son: [] =
X i | \ . Son: |:| Son: [l:l:] ’
Difference of parts = 6 s -

Difference of parts = 2

Difference of parts = 6

The son qoes 'From 1 part to 3 par‘ts !

Conclude the ages and check

3 parts

D:%DDD

2 parts = 10 years |
so 1 pa.rt = 5 years.
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JJ T e . /|

Five years ago: Now: Five years hence:
Son = 5 Son = 10 Son = 15
Jacob = 35 Jacob = 40 Jacob = 45

Check: 5 years hence, 45 = 3 x 15.
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AIM. PREPARE. ACHIEVE

Checking the options by substitution

If the vatio a : b is in its simplest form  Then take each remaining option
and the ages are whole numbers, each age  as the age, find the other age from
at the time of that ratio is a multiple the first condition, and test the

of its part: k = age = part is a whole

number. it el |
a : b L A = ak ‘
‘L ) 2
age = k x part [ Bibk J
k = age + part ' test the given
is & whole number. . condition

24 is not a multiple of 7, so it goes. For 21, Q is 15, and after 8 years 29 : 23
is not 9: 7. For 35, Qis 25, and 43 : 33 is not 9: 7. For 28, Q is 20, and
36:28 =9:7. The answer is 28.

[ P’s age Q’s age . :
(option) after first condition Ratio after 8 years Verdict
21 15 29:23#£9:7 | X Wrong
Rejected
24 r o no?::ultiple of 7
28 20 36:28=9:7 | ¢/ Accepted
35 25 43:33#9:7 | X Wrong |
Option 21 Option 24 Option 28 Option 35
Q is 15, and after 8 years 24 is not a multiple  Q is 20, and after § years Q is 25, and after 8 years
29:23 ismt 9: 7. of 7, so it goes. 36:2=9:7. 43:33isnot 9:7.
[Z‘i 23} x [%J[ZSJ {43} 33J
Not a multiple |
29:23#9:7 X i w2897 (4333297 %K
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AIM. PREPARE. ACHIEVE

Three-person problems

Three ages in the ratio a: b : ¢ are ak, bk, and ck.
In n years the sum of three ages grows by 3n.

oL B: bk C: ck M A:ak+n | B:bk+n | C:ck+n

o — ~
Sum increases bg 3n.

| If the ratios come in two pieces, join them first
by making the common person’s number equal (Topic 59).

Example: A:B=2:3and B:C=4:5give A:B:C=8:12:15.

AP =123 Bl =445 Jointhetwo_pieces
Multiply both by 4 Multiply both by 3

A:B:C=8:12:15
A:B=8:12 b:( =12.:15 ‘[

T !

A:B:C=8:12:15

Futu;e sum:
120

—

Present sum:

-~

Five years hence the sum of their ages will be 120. __£)—
The present sum is 120 - 3 x 5 = 105, the parts are [

8+ 12+ 15 =355k = 3.
The ages are 24, 36 and 45.

Check: 29 + 41 + 50 = 120. | 120-3x5 = 105
Present ages Ages in 5 years
A B g A B C

] H F J| J 29+ 41 + 50 = 120

24 36 45 29 41 50

Family problems with three or more persons come in Topic 838 (Day 84).
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AIM. PREPARE. ACHIEVE

Which method 1o use

What the question gives Method First step
A ratio now and a ratio
n years ago or hence ' Ages ak and bk;
Nt;w: n years ago Ratlo parts add or subtract n for boﬂﬂ;
ages in the ratio | €——»| (or hence): cross-multiply.
ak : bk n years | ages in a ratio
Two ratios at two time points . Make the ditference: ot
W one big A orotherd ie: Difference the parts equal; the change
a ratio’ Wl come 5:.1:5 a ratio of ages in one person’s parts equals

the years between.

A ratio and the sum of the ages

A ratio 4 Sum of ages
ak : bk =S

Sum of ages

Bring the sum to the time
of the ratio; divide it by
the total of the parts.

| A ratio and fhe difference

. Difference
A ratio
sy + oF=a3es

Difference
of ages

Difference of parts =
the difference in years;
ho time adjustment.

‘ of the ages
|

- An average, with a member
~ joining or leaving

0000

Joining or leaving

Average of ages

Total = average X number;
age the total by
(number x years).

One ratio n years ago,
another m years hence

n years ago: | g——3p| M Years he,nce:
a ratio n+m a ratio
years —

L

n years ago,
m years hence

Unknowns at n years ago;
the gap is n + m years.

! : ;
Four numerical options

[cncnEam

Substitution

Keep the multiples of the
part; test every condition. |
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AIM. PREPARE. ACHIEVE

Extra section: a drill of eight pblens vt fll working (1/3)

1. The present ages of Hari and Gopi are in the ratio
3: 4. After 7 years the ratio will be 4 : 5.
Find their present ages.

(3k+7): (4k+7) = 4:5,
so 15k + 35 = 16k + 28
and k=17.

Hari is 21 and Gopi is 28.
Check: 28:35=4:5,

By differences:
both ratios have
o. difference of

1 part; Hari goes
from 3 parts to
4 parts, so

1 part = 7 years.

Now (present ages) After 7 years

Hari: 21 > 28

v

Gopi: 28 35

3. The ages of two friends are in the ratio 5 : 4 now.

Three years ago the sum of their ages was 66.
Find their present ages.

Present sum = 66 + 2x 3 = 72.

9 parts = 72, so k = 8.

Ages: 40 and 32.

Check: three years ago, 37 + 29 = 66.

Three years ago Now (present ages)

(sum = 66) :
; |
First | y
e [ ——[ 0
|
Second ' 5
friec:ld: 29 i | 32
Sum: | 66 —
|

Sources: Day 16 Source Index | Topic 158 | Section 3
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2. The present ages of two colleagues are in the ratio
9: 5. Six years ago the ratio was 7 : 3.
Find their present ages.

Both differences of parts are 4.
The elder goes from 7 parts to
9 parts: 2 parts = 6 years,

so 1 part = 3 years.

Ages now: 27 and 15.

Check: six years ago, 21:9 =7:3.

Six years ago | Now (present ages)
Eder: | 21 | > 27
|
Younger: | 9 ——>| 15

4. The ages of a mother and her daughter are in the
ratio 11: 4, and the mother is 28 years older.
Find their ages.

11 -4 =7 parts = 28 years, so k = 4.
Mother 44, daughter 16.
Check: 44 - 16 = 28.

Mother: 4L

- 44 - 16 = 28 years

Daughter: | 16

Day 16 | T158 - P11 | @iaswithdrravi
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Extra section: a drill of eight problems with full working (2/3)
5. The average age of 4 friends is 24 years.

A fifth Fnend joins them, and the average 7 g
becomes 26 years. How old is the fifth friend? 11 _u n 1

4 friends, average 24 years  After a fifth friend joins

| T
Old total = 4 x 24 = 96. t Yy | /RN
New total = 5 x 26 = 130. gRl= G Ath = Total = SXy
The fifth friend is 130 - 96 = 34. (The fifth friend is )

L 130 - % = 34,

| é__ Seven years ago the ages of K and L were in the ratio 4:3.
Seven years hence the ratio will be 6:5. Find their present ages.

: “ 7 years ago Now_ 7 years hence
The gap is 7+7 = 14 years. (ratio 4 : 3) (present ages) (ratio 6 : 5)
Ages 7 years ago: 4k and 3k.

Then (4k +14): (3k +14) = 6:5, K K } K

S0 e;Olf +70 —)18(k + 84 )and k=7 4k = 28 3ears 35 gta?rs 42
i ik -— —

Seven years ago: 28 and 21. E jk [k

Now: 35 and 28. 3k =21 28 - 35

Check: seven years hence, 42:35=6:5.

Check: seven years hence, 42 : 35 = 6 : 5.

7. The present ages of A, B and C are in the ratio 3:4:5.
Six years ago the sum of their ages was 78. Find their present ages.

Present ages (vatio 3:4:5)
Present am = 7843%6=9.  awmmemamm —— F 7T
12 parts = 96,
12 parts = 9, so k = 8. 3k = ?EL’: 32 5k 40 k=8, g

Ages: 24, 32 and 40.

S gl . e
Check: six years ago, 18+ 26 + 34=178. A B ( r !_ 18 f;j':l:. 34.
18 26 | 34 | =173
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AIM. PREPARE. ACHIEVE

Extra section: a drill of eight problems with full working (3/3)

8. A wother is 32 and her daughter is 8. After how many years
will the mother's age be twice the alaujlnter's?

% i Two years ago \ ] é § After 16 years \

K_Mother's r Dauﬁhter's‘ f_Mo’dner's ! Eugh’fer's‘ r Mother's 1 Euﬂh’mr's 1
age age age age age age
PRI iU oy T ¢ AT I
(constant difference) (constant difference) (constant difference)
Ratio: 5:1 Ratio: 4:1 Ratio: 2 : 1
30:6 32:8 48 : 24
Solution Key_point

The difference, 24 years, never changes. e 4iff

At the ratio 2 : 1 the difference is 1 part, The difference,
so the daughter will then be 24, 24 31”5,
She is 8 now, so the answer is neier enanges:

24 -8 = 16 years.

Mother's Daughter's

Check: (32 +16) : (8+16)=48:24=2:1. ane e

In the same way, the ratio was 5 1 L 32_, ~_____.8

two years ago: 30 : 6. T8 = 94 W
(constant difference)

Sources: Day 16 Source Index | Topic 158 | Section 3
Day 16 | IAS with Dr Ravi Day 16 | T158 - P13 | @iaswithdrravi



AIM. PREPARE. ACHIEVE

]II[ IAS WITH DR RAVI

Three common exam traps

1. Every person grows older by the same number of years.

Add (or subtract) the years for each person, not for one of them.
The sum of two ages grows by twice the years: two ages that add
up to 44 now will add up to 58 after 7 years, not 51,

The total of a family grows by (number of members x years).

Two_people, sum of ages Total of a family
Number Years Increase in
S“mn‘:;aﬂ"'s : Ater > Bupdof ajgt of members % each grows | _ | total of ages
44 7 years 44_+528X 7 n y n X y

Af t"t]
X 44+7=51 o 44+2x7=58 Now | ——"p | Later

ears i
(adds 7 to one person only)  (adds 7 to each person) Total =T | Y Yea" Total = T+nxy

2. Ratio parts are not ages, and a ratio belongs to its own time point.

“Ages in the ratio 8 : 3" means 8k and 3k years, not 8 and 3 years.

“Seven years hence the ratio will be 3 : 2, and the difference is 8 years” gives the
ages seven years hence, 24 and 16; the present ages are 17 and 9, found by
subtracting 7 from each.

Ratio parts are not ages Future ratio and difference
. N ; » ' Seven years hence: | Ages in 7 years:
« o 8. 3" Ages in the ratio § 13 Y 9 Y
x Ages in the ratio 8 : 3 ¢ mfans 8k and 3k years, Ratio 3:2 —> 24 and 16

s flanies W not 8 and 3 years. Difference = 8 years (since 24 - 16 = §)

8 3 8 k 3k f:eb{si:cttage;;om each
Heﬁrs Hear's 980-r5 yeﬂrs
24-7=17 and 16-7=9

3. Answer for the person and the time point that the question asks.

A problem may be solved through one person’s age at one time and then ask about the
other person, or about ancther time. If you find that B is 21 now, “B’s age 9 years ago”
is 12, not 21. Read the last line of the question again before you choose an option.

Find the correct time point Choose the required answer
B’s age “B's age 9 years ago” “B's age 9 years ago”
o |9 years ago X is 21. v is 12, not 21.
=
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Percentage change and percentage points

A percentage change measures a change against the old value, Multiply by bivide by

) : e the factor the factor
and every rise or fall can be written as a multiplying factor: to go forward to go back
going forward you multiply by the factor, going back you divide P U i
by it, and successive changes combine by multiplying their factors. old o
The exam tests whether you keep the right base and multiply value value
where a hurried candidate adds.

Suc.ce.ssgve c|'lla.n es
combine by multiplying
their Fa.r.tors,SJ

Useful fractions and percentages Formula for percentage change
Recall from Topic 29: % = 50%, .31.; = 25%, % =121%,

Percentage change =

: - (new value - old value) + old value x 100

3=333% L-162% 1-20%and & =10%.
These fractions make most factors in this topic easy to use.

(Topic 119). The old value is the base and must be
non-zero. For the positive starting quantities in this

topic, a positive answer is a rise; a negative answer
is a fall.

Example: ration cards in a mandal
Ration cards in a mandal go from 4,000 to 4,600.

x 100 = 15%.

i 00
The rise is 2000
If they go back from 4,600 to 4,000,
600 gl 4
the fall is 2600 x 100 = 13.04%

Ration card

=

(approximatefg).
The gap is the same; the base is not.

Percentage points

When the two ﬁgures are themselves percentages,
their plain difference is in percentage points

(Topics 29 and 119). The share of households with

Increase
=81% - 72%
=9 percentage points

Relative increase

an LPG connection goes from 72% to 81%: = &) Wi

a rise of 9 percentage points, which is 2, 100 1?22 ! )
= = 12.5 per cen

= L pE cent of the old share. Share of households Share of households of theF:ld share.

with an LPG connection  with an LPG connection

Twice a number and 100% fall

Twice a number is a rise of 100%. A fall of 100% leaves zero, so a quantity that

[I' 2 cannot be negative cannot fall by more than 100%.
Lo ]

This is a rise of 100%.
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The multiplging factor

A rise of r per cen: multiplies A yice of 10% on 3200 Yo read a factor back as a change:

a value b":’ (1 + '10_0), gives 220, that is, 110% change = (Fac‘cor-l) x 100 per cent.

a fall of r per cent multiplies of the old price. A factor of 0.96 is a fall of 4%;

it b . a factor of 1.32 is a rise of 32%.
Y (1-165): il

[0.96 > -4% |
10% rise (0.96 - 1) x 100
(110%)

= -0.04 x 100
. (Fall of 4%

Old value

&
J8 RY
| | 1.325+32% | A\
]iA rise OF r% [A Fau O'F r% ] The FaCtor 'For Qa rise .|5 the (1.32 . 1) X 100 ﬁ
L growth factor of Topic 99. =032x100 (=
= 329% Bls_e of 32%

Common percentage changes and their multiplying factors:

Change Factor as a decimal Factor as a fraction
| Rise of 10% 1.1 11/10
Rise of 123% 1.125 9/8
Rise of 20% 1.2 6/5
Rise of 25% 1.25 5/4
Rise of 333% 1.333... 4/3
Rise of 50% 1.5 3/2
Fall of 10% 0.9 9/10
Fall of 20% 0.8 4/5
Fall of 25% 0.75 3/4

Forward change (old to new): new value = old value x factor.

A household's monthly milk bill of ¥1,800
rises by 12%%: 1,800 x % =2,025.

Sources: Day 16 Source Index | Topic 159 | Section 2.2
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Reverse change: from the new value back to the old (1/2)

Old value = new value = factor o fackor
New value || 0ld value

provided the factor is non-zero. The percentage was a percentage
of the old value, so it must not be taken of the new value.

factor is non-zero

Examgle:

after a rise of 20%, a family’s monthly
electricity bill is 1,560. The old bill =
1,560 + 1.2 = T1,300. Taking 20%
off T1,560 gives T 1,248, which is wrong:
the 20% was of 1,300, not of Z1,560.

Cold bill = 1560 1.2
Eedud Lk

- -

Taking 20% off 1,560
gwes 31,248, which is wrong. X

= N = W = = =)
The 20% was of 1,300,
not of ¥1,560.

A price after a discount works the same way,
because a discount is a fall in price. A pressure

cooker sold for 2,550 after a discount of 15%
had a price of 2,550 + 0.85 = 3,000 before
the discount. A price that includes a tax of 10%
is undone in the same way: 3,300 with the tax

| Without ta
is 100/110 x 3,300 = ¥ 3,000 without it. | Original price L] [ '105 x’; 300 |
(Discounts in detail: Topic 459.) | =2,550 + 0.85 IS5 10
{ =¥3,000 = 3,000

Why a rise of 25% is undone by a fall of 20%.

by 5 rise of 25% fall of 20%
The fac’cor of the rise is . To undo it, multiply 25 o

4 5
bg =, which is a fall of = 20%. In figures: 100 125 100
100 becomes 125, and 20% of 125 is 25 i
! ’ 20% of 125 is 25,

so 125 comes back to 100. R0beps 1o s0 125 comes b:ck to 100.
ILQM ( A rise of r% is u;o-l; & A fall of r% is undone
A rise of r% is undone by a fall of .' by a fall of by a rise of

/(100 + r) x 100 per cent, and a fall of r% |
is undone by a rise of r/(100-r) x 100 per cent X 100 per cent.

i =
(for 0 < r < 100). A 100% fall leaves zero L poter J 100
and cannot be reversed by a finite - (For 0<r<100)

percentage rise.

x 100 per cent. |

u 100% Fa.ll leaves zero and co.nnot be reversed bg a Fmd:e percentage rlse

Sources: Day 16 Source Index | Topic 159 | Section 2.3
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Reverse Chang_g: from the new value back to the old (2/2)

A rise undone by a fall

If a quantity increases by r%, it can
be brought back to the original value
by a fall of the percentage shown.

A fall undone by a rise

If a quantity decreases by r%, it can
be brought back to the original value

by a rise of the percentage shown.

E A rise of r% is undone A fall of r% is undone
r by a fall of by a rise of
10 a7 % 115 %
1 1o, 2 0
121 111y, 1429,
20 16 =% 25%
25 20% 333 %
33 25% 50%
50 33% 100%
Example: a rise of 25% Example: a fall of 25%
Increase Decrea;se Decrease Increase
by 25% by 20% by 25% by 331 %
100 125 100 100 79 100
How to use the table What this means Note

Look up the given percentage r
in the first column. The table
shows the percentage that
undoes the change in each
direction.

Sources: Day 16 Source Index | Topic 159 | Section 2.3
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Each listed percentage
reverses the corresponding
original r% change: use the
listed fall after an r% rise,
or the listed rise after

an r% fall.

The percentages are not
generally the same in the
two directions. A rise of r%
is not usually undone b

a fall of r%, and a fall of r%
is not usually undone by

a rise of r%.
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“More than” and “less than”

“A is r% more than B” “Ais r% less than B”
“Ais r% less than B” gives:

“A is r% more than B” takes B

as the base. Then B is less than B is more than A by T Or- =% 100 per cent
A by x 100 per cent, (for 0 < r < 100).
00 +r ; " :
_ If Ais 100% less than B, A is zero
because now A is the base. and a percentage comparison using A

This is the rule of 2.3 in other words. as the base is undg‘Fined_

o

Example:
household A earns 330,000 a month and household B 324,000.

A earns 6,000/24,000 x 100 = 25% wmore than B;
B earns 6,000/30,000 x 100 = 20% less than A.
By the rule: 25/125 x 100 = 20.

[ HosddA [ Houschold B |
| 30,000 | 24,000
| a month | a month

A is 25% more than B B—>A) | B is 20% less than A (A—B)

Base = 24,000 (B) Base = 30,000 (A)
< 30,000 >| |e——— 24,000 ———>
6,000 6,000 6,000 6,000 6,000 | 6,000 6,000 6,000 6,000
6,000 s 6,000 0
24,000 x 100 = 25% more than B. W x 100 = 20% less than A.

Check using the rule

. 25 z
Bg the rule: T x 100 = 20.

Sources: Day 16 Source Index | Topic 159 | Section 2.4
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Successive changes

Each change acts on the value
left by the change before it, so

Two changes of a% and b%

(write a fall with a minus sign):

the factors are multiplied.

Value

x1.1

=)

Value

charge

after first :>

Vale net change = a+ b + f-:% per cent.
after second
change

Paddy procured in a district rises
by 10% and then by 20%:

J000, &,
10 + 20 + 100 =32%

(check: 1.1 x 1.2 = 1.32).

Adding the two gives 30%, which leaves out the
second rise acting on the first.

Two falls of 10% and 20%:

-10 - 20 + 355 = ~28%, a fall of 28%
(0.9 x 0.8 = 0.72).
-10% -20%

Written as the size of the fall, it is a + b -

ab
100.

This minus form is for two falls only; two rises
always add the product term.

Do not replace two different rates by their average.

Rises of 10% and 20% give 1.32, a rise of 32%;
two rises of 15% give 1.15 x 1.15 = 1.3225,
a rise of 32.25%.

Rises of 10% and 20%

Two rises of 15%

A rise of 20% followed by a fall of 10%:

200 )
20-10 - 100 = 8%
(132 x 0.9=1.08);
+20%

-10%

The order of the changes does not alter the result.
x1.1 x1.2

1.1 8812

L ﬁ:} ~
x1.2 x1.1 o

Value +20% 10% =1.32

Three or more changes:
multiply all the factors.
A rise of 10%, a rise of 20% and a fall of 25%:

1.1 x 1.2 x 0.75 = 0.99, a fall of 1%.

x1.d x1.2 x0.75
+10% +20% -25%

Equal rise and fall.

A rise of r'% and a fall of r%, in either order,
always give a net fall of r?/100 per cent,
because (1 + Tc;?)(l = ﬁ) = 1 - r%/10,000.

A rise and a fall of 10% leave a fall of 1%;

x1.1 x1.2 x1.15 x1.15 of 20%, a fall of 4%; of 50%, a fall of 25%.
ﬁ +20% +15% +15% IE it r=20 r=5 |
5 1027 % 9, g - 49 502 _ .
1.1x1.2=1.32 1.15 x 1.15 = 1.3225 00 = Ak T ok 25%
a rise of 32% a rise of 32.25% a fall of 1% a fall of 4%

Sources: Day 16 Source Index | Topic 159 | Section 2.5
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Price, consumption and sPenAing

Spending = price x consumption.

So the factor for spending = the factor

for price x the factor for consumption.

To keep spending fixed after a price rise of ri,
the consumption factor must be 1 + (1 + ﬁ),
I3
100 +r
A rise of 25% in the price of cooking oil needs
a cut of 25 x 100 = 20% in consumption,

s0 consumption must fall by

not 25%. >

Keep
spending fixed
Consumption
factor

[1+125=03]

< Consun;p%n

down 20%

100 per cent.

consumption spending
(number (total cost)

of bottles)

SHOPPING RECEIPT
e

Price x quard:ity

Total spending

After a price fall of r% (0 < r < 100),

r
100 -r

consumption can rise bg x 100 per cent

with spending unchanged.
A fall of 20% in price allows 25% wore
consumption.
Keep

Price Consumption

{ fall 20% (= ) factor
1+ 0.8=125]
- up 25%

When both change._ 'Freelﬂ, multiply: price up 20% and consumption down 10% give 1.2 x 0.9 = 1.08,

so spending rises by 8%.

Spending factor

Price factor x Corat?ff & j [ 1.08 ]
( 1% ] [ 0.9 ] So spending rises
by 8%.
General formulas Summary of the examples
To keep sperding fixed after a prl'ice rise t:f ri, ot il cﬁi'f:.?f,,t'.'fm Sl:ti:ﬁtg Result
the consumption factor must be 1 + (1 + 10—0), 176 <08 sprdlihg
) r up 25% down 20% e :
s0 consumption must fall by T 100 per cent. 0—8 1 — P ed
After a price fall of r% (0 < r < 100), down 20% | up 25% = ; ' e
consumption can rise by %100 per cent 209 4 , 1.2x049 spending
100 - U.P ] own IOA _ .
with spending unchanged. : =108 sy &%

Sources: Day 16 Source Index | Topic 159 | Section 2.6
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Compound growth and decline over n periods

The same rate in every Period'
value after n periods = (1 + 100) for 5rowth and

V x (1 - m) for decline. This is the formula A = P(l + —) of Topic 99

used for any quanlh’cg

A city of 20,000 people growing at 5% a year

Start After After After
20,000 (—»{ 1year |»| 2 years (| 3 years
people x 1.05 x 1.05 x 1.05

.. has 20,000 x 1.05° = 20,000 x 1.157625
e = 23,152.5, about 23,153 People,
after 3 years.

After After
—»| 1lyear |—p| 2 years
* 5 ok

& has 6,400 x %x % = 8,100 people

after 2 years.

Start
380,000
x 0.9 x 0.9

) After 2 gears itis worth 80,000 x 0.9 x 0.9 = 264,800:
a fall of 19%, not 20%.

After After
—»| lyear [—P| 2 years

Different rates in different periods: multiply their factors (2.5).

Start First period Second period Third period After 3 periods
100 MG
i (“100) (“100) (“100) V"(“wo X\ 100" (“mo

Sources: Day 16 Source Index | Topic 159 | Section 2.7
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Common traps
Trap. Wrong working Right working

New value taken
as the base  /
( L

20%
Successive ﬂ Rises of 10% and 20%:

: 14x1.2 =122: 52%
changes added @ » 30% x % 5 /

%1,560 after a rise of 20%:

1540 - 12 - 1,008 Y 1,560 +1.2 = 21,300 o/

Minus form used Rises of 10% and 20%: ises add

: v g 9 Two rises the

for two rises ‘i_ | |=‘ i i i V
T Jox 10+ 20 -2 = 28% x product term: 32%

Two rates replaced

b aderans Rises of 10% and 20% as 309 J

15% twice: 32.25% )(

Equal rise and fall

Up 20%, then down 20%: 2% 0.8=0.96:
read as no change P 1.2 8=10.9 J

no change x a fall of 4%

Consumption cut §

by the same Price up 25%: cut 25 P
Pgr cent consumption by 25% x Cut by 125 * 100 = 20% /
A fraction _ 2

A rise of 16 =% taken 7
percentage o 3 e L5
rouufu{ealg as 17% x 6 J

Other ala_tjs cover:

. —

[ Profit and loss | Price, consumption [ Marked price Compound Successive Population growth |

(Topic 259) “and exge_nditure and discount interest discounts and depreciation
Problems (Tnpic 459) (Tapic, 529) (Tapic 739) (Topic 869)

7
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Extra section: a drill of eight questions with full working (1/2)

1. Forward change.

A mandal has 2,400 members .,
in self-help groups, and the |
number rises by 15%.

What is the new number?

Gelf-help group
record

_ . New number = 2,400 + 360 = 2,760.
=Y With the factor: 2,400 x 1.15 = 2,760.

2. Percentage change.

. : *_  Rise = 450.
a}iofﬁﬁise ::hfrtn?gezoo 5, % Base = 3,600, the old value.
to 4,050. By what per cent A't , 34;500 4 % £19 _;_ o
did they rise? e, N ,60

3. Reverse change after a fall. . &
After a fall of 16%% caused

by poor rain, a farmer's cotton
output is 1,500 kg. What was
it before? -

16%% - -(1)-, so the factor is %
. [5 6

Old output = 1,500 = (z) = 1,500 x =

= 1,800 kg.

| Adding 163% of 1,500 (that is, 250)

/ J-. gives 1,750 kg, which uses the wrong base.

4. “More than” and “less than”.

Rainfall in Mandal X is 60%

Take Y as 100; then X is 160.

Mandal Y Mandal X : 60 1o

more than in Mandal Y. By (b:sne l,’1'30) (60% more) | Y is less by 775 x 100 = 3155
what per cent is the rainfall 100 160 60 P
Vi toninx? B Bt g x00- 375
5. A rise and then a fall.

600
A household’s monthly 30 - 20 - 755 = 4%,
grocery bill rises by 30% a rise of 4%.

and then falls by 207%.
What is the net change?

Check: 1.3 x 0.8 = 1.04.

Sources: Day 16 Source Index | Topic 159 | Section 3
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Extra section: a drill of eight questions with full workmg (2/2)
6. Prlce and consumptlon

that still spends 31,800 a mc;nth on rice
now gets 5 kg less. What was the old
price per kg?

Price rises
by 20%

Y New pr
o) [ 372 per ko 4

New consumption

25 kg

Old conump’cion

30 kg

5 kg less

Consumption must fall by 20 -1
129 f 6
0 % of the old quantity is 5 kg, Check:
and the old quantity is 30 kg. the new price is 372,

and 1,800 + 72 = 25 kg,
which is 5 kg less.

Old price = 1,800 + 30 = %60 per kg.

7. Compound growth.

A village of 15,625 people grows at 4% @ 4
a year. What is its population after 3 yearsZqf

- = 40
Factor = 1.04 TR
] % 2% %
Population = 15,625 x TRk B g
= 17,576 4% a year

for 3 years

(15,625 is 25 x 25 x 25).

8. Equal rise and fall, then reverse.

The price of a kilogram of onions rises by 20% Price per kilogram

in one week and falls by 20% the next week. Falls b
alls by

Rises b
Tt is now T48. What was it at the start? 4 ook 20%

20%

Net factor = 1.2 x 0.8 = 0.96,
20 = A
Qa Fall 0{: 100 4/ Start Pme m
=\’50 \ 360
Start price = 48 + 0.96 = 350.
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Three common exam traps
1. In a reverse change, divide by the factor.

The given percentage is a percentage of the old value.
A figure that stands at 600 after a rise of 20% was
600 +1.2 = 500, not 600 - 120 = 480.

For the same reason a rise of 25% is undone bg a fall
of 20%, not of 25%.

20% rise ! 25% rise
| (x 1.25)
:I Old value & o[d value ! (-New val ——]
200 | 600 ' | 100 | e 025}
So the old value was ' To undo a rise of 25%, we divide by 1.25,
600 =~ 1.2 = 500 which is the same as a fall of 20%.
600 - 120 = 480 20% fall
(incorrect) : (+ 1.25)

2. Successive changes are multiplied, not added.
A rise of 10% followed by a fall of 10% leaves 1.1x 0.9 = 0.99 of the value,

a fall of 1%, not “no change".
Two rises of 10% give 21%, not 20%.

10% rise 10% fall 10% rise 10% rise

L) (x 0.9) (x11) (xll)
Overall factor = 1.1 x0.9 = 0.99 Overall factor = 1.1x1.1 =1.21
This is a fall of 1%, not “no change". This is a rise of 21%, not 20%.

3. A price rise is offset by a smaller cut in consumption.

To keep spending fixed after a price rise of 50%, consumption must fall bg
50/150 x 100 = 331%, not by 50%.

e e T Percentage fall
(" To keep spending fixed ETF:L___@"PEEE

: _"' r'( Imtml sttuatwn } Price rises New price = 150 100 - 662 )
4 | price = 100 by 50% | N omortin == | | ; 2) 100
; | ding = 15‘0 X x
| ¢ = 100 =, )
[ Casipgtier > | Set 150 x x = 10000 = 3%, 100
Spending = 100 x 100 (x1.5) | , 150
| = 10 000 —1 S0 x = 10000—150 | = 33 A’

o 02
a 663 . not b_g 50%.

L& T e

|
!
B AR . ST el ik
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